Session 4 - Brownian Motion

Reading Assignment: Sections 4.1 - 4.5. (Correspondence with McDonald
Chapter 20, up to Page 665.)

4.0. Some basic stuff:
e The normal distribution:

— The symbol, X ~ N(a,b) stands for the statement, X has a
normal distribution with mean a and variance b. The CDF of
the standard normal PDF is denoted by N(z). Another symbol is
®(z). We will use the first because McDonald uses it.

1 r= 22
N(z)=®(z2) = %/_Ooe’7 dx.

You will be provided with a normal CDF table in the exam. Please
download it from the SOA and practice with it. That table is
rather coarse. According to the SOA, you are supposed to choose
the nearest z-value in the table and read the probability. For
instance to find Pr(Z < 0.759) read the value from the table for
Pr(Z <0.76). This can lead to round off errors.

Secondly for negative arguments you have to use the fact that
N(—a) =1— N(a).

— If X ~ N(u,0?) then

Pr(ng):N<I_“>.

o

— In one place in the Study Guide I use the moment generating
function of a normal variable. This makes easy the understanding
of processes followed by powers of S(t) if S(t) follows geometric
Brownian motion. The MGF is given by

2
My (t) = exp{ut + %t?}.
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— It is an important fact that if X; and X, are independent normal
variables with means p; and py and variances o? and o3 respec-
tively, then X; + X5 is normal with mean gy + pe and variance
0% + o2. This is readily shown by the use of the MGF.

e Smallness and asymptotics: Perhaps the most fundamental idea
in Itd’s lemma is that you keep terms of the order of dt and neglect
anything smaller. This means anything that is of the order of a power
of dt that is higher than 1 is neglected. There is a subtle distinction
between At and dt. The former is to be thought of as a small entity and
the latter as an infinitesimal. If you think both of them as small that is
fine too. I suggest not worrying about these details but having a grasp
of “smallness.” The reason this is extremely important is because the

whole theory is based on the assumption that for small increments Az
and small times At, Ax ~ VAt.

¢ Risk-neutrality, no-arbitrage etc.: They are related. Crudely
speaking, prices are determined by saying that the expected return
from your investment will be the same as if you had put the money in
a risk-free investment, such as a zero-coupon bond. As I have pointed
out in the last two sessions, the no-arbitrage analysis is equivalent to
manipulating expressions so as to get rid of risk.

e About return on an investment: Suppose you deposit S(0) dollars
in an account that gives you r% annual interest. Then in one year you
will have S(1) = S(0)e” dollars!. r = In[S(1)/S(0)] is the return from
the investment. If you invested that S(0) in a stock then its value in
one year, S(1), is a random variable. Still, In[S(1)/S(0)] is the return
from the investment, but the return now is a random variable. The

risk-neutral principle will tell you that the expected return should be
r—0.

4.1. Quick lesson on Brownian Motion:

e Brownian motion is a limit of a random walk.

e Random walk is often described as follows (This picture is mainly of
humorous value and not related to reality !): A drunk staggers out a

Ly is the same as the force of interest.
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public house and decides to walk home. He thinks he is going home
but in reality it is equally likely that he takes a step towards home as
a step away from home. Imagine that all the steps are along the same
straight line, each step is of distance y and takes exactly the same time,
h, and that the steps are all independent. As ¢ and h approach 0 in
such a way that h/v/t is constant, o, then you get Brownian motion.
The poor guy will have to take those steps extremely fast!

e We denote this limiting process by {X(¢),t > 0.} If 0 = 1, we call the
process a standard Brownian motion and denote it by {Z(¢),t > 0}.
Z(t) ~ N(0,t). and we use differentials to denote the Brownian motion
{X(t),t > 0.} by

dX(t) = odZ(t). (1)

and
E(dX)=0; Var(dX) = o2dt. (2)

e From the way we set this up, there are two important properties of
Brownian motion, namely, the independent increments property and
the stationary increments property. Increment is the change in X ()
over an interval of time. Independent increments means the increments
over disjoint intervals are independent. For example, X (3) — X (0) and
X (6) — X(3) are independent. Stationary increments means the in-
crement over an interval of time depends only on the length of the
interval and not on the position of the interval. Thus X (7) — X (4)
has the same distribution as X (3) — X (0). These properties should be
effectively used in solving problems. Example 4.1.1 in the Study Guide
has the standard type of problems using them.

Example 4.1.1: {Z(t),t > 0} is standard Brownian motion. Calcu-
late E[Z(2)Z(3)].

Solution: Use the independence of Z(2) = Z(2) — Z(0) and Z(3) —

Z(2).
BEZ(2)Z(3)] = E[Z(2){Z(2)+Z(3) - Z2)}| = E[Z(2)*] + E[Z(2){Z(3) — Z(2)}]
= E[Z(2*+E[Z(22)]E[Z(3) — Z(2)] (Independence)
= Var[Z(2)] =2,
3
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sinceE[Z(2)] = 0 and Var[Z(2)] = 2.

e Orders of magnitude. We neglect all terms that are smaller than dt
but keep terms of the order of dt. For example, E[(dX)?] = Var(dX)+
F?(dX) = o2dt.(E(dz) = 0.) This term is kept.

Whereas E[(dX)?] = o2dt, Var[(dX)?] is of the order of dt* and so we
neglect the latter. This tells us that

(dX)? = o?dt, (3)

is essentially not a random variable but a real number. This principle
of keeping all terms of the order of dt and nothing smaller is crucial to
deriving It6’s lemma.

4.2. Arithmetic Brownian motion: This process is sometimes called
Brownian motion with drift. You can add a “drift” to the Brownian motion.
Crudely speaking, you may think of Brownian motion as a process making
rapid movements about the origin. (The expected position is the origin.)
You can generalize this by considering a process that makes rapid movements
about a fixed linear trajectory. The drift rate is the deterministic velocity.

You then have
X(t) =at+oZ(t). (4)

or in infinitesimal form
dX(t) = adt + odZ(t). (5)

« is called the drift coefficient or drift rate. Then [X (¢) — at]/o has a normal
distribution with mean 0 and variance ¢, or[ X (t)—at]/o+/t is standard normal

Example 4.2.1: {X(t),t > 0} is an arithmetic Brownian motion with drift
rate 0.1 and variance rate 0.125. Calculate the probability that X (2) is
between 0.1 and 0.3.

Solution: X (2) ~ N(0.2,0.25). Therefore

3—-0.2 1-0.2
01 < x@) <03 v (2302) (010

= 0.1585.
0.5 0.5 ) 0158
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4.3. The It process and 1to’s lemma: The It6 process is a generaliza-
tion of the Wiener process (another name for Brownian motion). You let the
coefficients in Eq.(4) above be dependent on t and X.

dX = a(X,t)dt + b(X, t)dZ. (6)

If a is a constant and b = o, you have arithmetic Brownian motion. If a = 0
and b = 1, you have standard Brownian motion.

It6’s lemma derives a differential equation for a function, C'(X,t) of X and
t. The crucial point is that in the quadratic Taylor approximation it keeps
the term (dx)? since it is of order dt. This leads to Eq.(16), Chapter 4 of the
Study Guide.

Example 4.3.1: Let {X(¢),t > 0} be a Brownian motion with drift coef-
ficient 0.2 and o = 0.5. Determine the equation for dC, where C' = tX?2.

Solution: Use It0’s lemma:

oC
= = X2 .
oy C/t;

a = 02,b=05
dC = {(C/t) + 0.4VtC +0.25t p dt + VtCZ.

oC

ac »’*C
0X 2

=2tX =2vtC;, — =2t
" OX

4.4. Geometric Brownian motion. We are often interested in the
stochastic process followed by the return of an asset rather than the as-
set itself. This was made clear in Section 3.4 of the last chapter. In other
words, we are interested in InS(t), where S(¢) is the stock price at time t.
S(t) is called a geometric Brownian motion if

ds(t)

—— =a+odZ(t). 7

S0 (v @
This is an It6 process with a = a.S and b = ¢S. By applying [td’s lemma to
In S one finds that In[S(¢)/S(0)] is a Brownian motion with (this is a very
important point) drift coefficient o — 02/2 and variance rate 0. That is,

2

dIn[X (1)/X (0] = (a - “2> dt + odZ. (8)
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In[X (¢)/X (0] = (a - “2> t+oZ(t). (9)

Example 4.4.1: The current price of a stock is 100. The stock price follows
a geometric Brownian motion with drift rate of 10% per year and variance
rate of 9% per year. Calculate the probability that two years from now the
price of the stock will exceed 200.

Solution: We need Pr[S(2) > 200] = Pr[S(2)/100 > 2] or Pr[In{S(2)/S(0)} >
In 2].

In[S(2)/S(0)] has a normal distribution with mean (0.1 — 0.09/2)2 = 0.11
and variance (0.09)(2) = 0.18. Therefore

0.6315 —0.11
v0.18
Example 4.4.2: (SOA Sample#11) Suppose S(t) follows a geometric Brow-

nian motion. Define X (¢) = In[S(¢)]. Which of the following statements are
true?

Prin{S(2)/5(0)} >In2] = N ( ) — N(1.3745) = 0.9154.

L. {X(t),t > 0}is an arithmetic Brownian motion.
II.  Var[X(t+h)—X({t)]=0c%h, t>0, h>0.

" T — 1T
ML lim SO[X (7) ~ X (U)>]2 = o°T.
Solution: All the statements are true.

[ follows from Eq.(8) above.

2

II. is true because X follows a Brownian motion with variance rate o* and

therefore X (t + h) — X (t) is normal with variance o2h.

I1I is true because Brownian motion is the limiting case of random walk as
n — o0o.

Example 4.4.3: (SOA Sample #15:) Let {Z(t),t > 0} be a standard
Brownian motion. You are given:

Ut) = 2Z(t) -2

6
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V() = [ZO)P -t
W) = £22(t) -2 /(:SZ(s)ds.

Which of the processes defined above have zero drift?

Solution: We need to express the process in the form of Eq.(14) of the
Study Guide and check whether or not a = 0. The first one is easy.

dU = 2dZ(t).
So a = 0. and there is no drift. For the second one
dV =d[Z(t)]* — dt.

we have to be careful with dZ?. Use Itd’s lemma. Note that Z follows Eq.(14)
with a =0 and b = 1.
07? 07? 0?7?
ot 0 07 Toot?
Therefore, by Ito’s lemma, Eq.(16) with C = Z2.a =0 and b = 1,

2.

dZ* = dt +2ZdZ

and
dV =27d7,

and there is no drift.

For the last one, use the fundamental theorem of Calculus and the product
rule for differentiation.

dW = d[t*Z) — 2tZdt = t*dZ + 2t2tZdt — 2t Zdt = t*dZ
and again there is no drift.

4.5. Correlated processes: (Sec. 4.5 of the Study Guide.) Perhaps the
most important case is when p = 1. Two processes are driven by the same
Brownian motion. In that case the Sharpe ratios have to be equal. You are
probably better off by eliminating the Z term and noting that what is left

7
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is deterministic and then for no arbitrage the return on the portfolio has to
be the risk-free interest. This is what is done in Eqgs.(32) and (33) of the
Study Guide. In all these non-arbitrage arguments you can manipulate the
expressions and eliminate all the terms that involve uncertainty. See Problem
#22 at the end of the chapter.

Now please do all the problems at the end of Chapter 4 except 11-19 and 23
and then the Quiz.

©2008 by G.V. Ramanathan



Quiz 4

1. Let {X(t),t > 0} be a Brownian motion with zero drift and variance
rate (¢2) 0.1. Calculate E[X(1)X(2)X(3)].

2. Let {X(t),t > 0} be a Brownian motion with drift coefficient 0.2 and
variance rate 0.1. Calculate the probability that the average value of
X (1) and X (3) is at most 0.45.

3. S(t) follows
dInS(t) = 0.12dt + 0.2dZ(t).

Given that S(1) = 100, calculate Pr[S(10) < 250].

4. S(t) follows:

ds(t)
50 = 0.12dt + 0.2dZ(t).

Given that S(1) = 100, calculate Pr[S(10) < 250].

5. The value of currency in country M is currently the same as in country
N (i.e., 1 unit in country M can be exchanged for 1 unit in country N).
Let X(t) denote the difference between the currency values in country
M and N at any point in time (i.e., 1 unit in country M will exchange
for 1 + X (¢) in country N at time t). X(¢) is modeled as a Brownian
motion process with drift 0 and variance parameter (o2) 0.01.

An investor in country M currently invests 1 in a risk free investment
in country N that matures at 1.5 units in the currency of country N
in 5 years. After the first year, 1 unit in country M is worth 1.05 in
country N.

Calculate the conditional probability after the first year that when the
investment matures and the funds are exchanged back to country M,
the investor will receive at least 1.5 in the currency of country M.

6. {X(t),t > 0} is a geometric Brownian motion with drift coefficient 0.2
and variance rate 0.16. X (0) = 10. Let W = X?. Calculate Pr[W(2) <
400]

©2008 by G.V. Ramanathan



7.

10.

You are going to gamble at a casino. Your cash position is modeled
as a Brownian motion process with a drift rate of —500 per hour and
variance rate of 40,000 per hour. You start at 6 p.m. and end playing
at 10 p.m. How much money should you start with so that there is at
least a 95% probability that you will not be in debt when you end your
gambling session? (Over this time you are allowed to borrow as much
as you want.)

S(t) follows geometric Brownian motion. Which of the following state-
ments are true?

L. Var[lnS(t+ h)|S(t)] = o*h,h > 0.
dS(t) _ 2
I. Var [S(tw(ﬂ] =o°dt.

L. Var[S(t+dt)|S(t)] = [S(t)]*c*dt.

(SOA Sample #13: )Consider two non-dividend-paying assets X and
Y. There is a single source of uncertainty which is captured by a
standard Brownian motion {Z(t),t > 0}. The prices of the assets
satisfy the stochastic differential equations

X = 0.07dt +0.12dZ
X

Y

dY = Adt+0.085d7

The continuously compounded risk-free interest rate is 0.04.
Determine A.
The prices of two assets S; and S follow geometric Brownian motion.

dS, = 0.15dt+0.255,dZ,

A third asset follows

dQ(t) = aQdt + 0.1QdZ; + 0.1QdZ,.

10
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The continuously compounded annual risk-free interest rate is 8%.
Determine « such that there is no arbitrage.

11. Suppose {Z;(t),t > 0} and {Z(t),t > 0} are standard Brownian mo-
tion processes with a correlation coefficient (per unit time) of p deter-
mine le ng

11
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